On the cuspidal cohomology of S-arithmetic subgroups of reductive groups over number fields
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The main goal of this paper is to prove the existence of cuspidal automorphic representations for some series of examples of S-arithmetic subgroups of reductive groups over number fields which give rise to non-vanishing cuspidal cohomology classes. In order to detect these cuspidal automorphic representations we combine two techniques, both of which can be seen as special cases of Langlands functoriality. Prior to that, we have to extend to the S-arithmetic case the definition of cuspidal cohomology and to show it is a direct summand in the cohomology. We emphasize that in our framework the class of S-arithmetic groups contains the class of arithmetic groups.
Before describing the contents of the paper we recall some facts about the cohomology of S-arithmetic groups. Let G be a semisimple group over a number field k. As usual S is a finite set of places of k containing all the archimedean ones.
Let (0, E) be a finite dimensional complex representation of Gs trivial on GS f and let 0393 be an S-arithmetic subgroup of G( )). The cohomology groups H'(f; E ) of F with values in E can be computed using the differential cohomology of Gs in the space of smooth functions on rBGs:
The space of cusp forms plays a central role; accordingly it is natural to investigate the corresponding space of cohomology called the cuspidal cohomology:
where is the space of smooth vectors, in the space of square integrable functions, generated by cusp forms. It is a subspace of the cohomology with respect to the discrete spectrum 2 which is in tum a subspace of the L2-cohomology
The natural inclusions yield therefore natural homomorphisms When the discrete group r is cocompact, all the maps in (1) are isomorphisms, hence so are those in (2). A first goal of this paper is to provide some information on (2) in the isotropic case. In particular we show that u o v 0 il is injective. A second goal is to construct, in some cases, non-trivial cohomology classes in H·cusp(0393; E) .
From now on, we assume for convenience in this introduction that G is almost absolutely simple over k. We are only concemed with the isotropic case and assume that rkk(G) &#x3E; 0, so that, in particular, G(kv) is not compact for any v E S.
In Part I we prove a decomposition theorem for functions of uniform moderate growth on rBGs (see Section 2 for the statement), originally established by R. Langlands in the arithmetic case, i.e. when S = S~. His argument had so far only been sketched in a letter [Lan2] and elaborated upon in an unpublished preprint of the first named author. We take this opportunity to present a complete proof for any S. In the case S = 600. another one is contained in [Ca2] (see 4.6).
In Part II we define and study the cuspidal cohomology of 0393. We generalize to the S-arithmetic situation the regularization theorem of [B5] . From this and the decomposition theorem it follows that the cohomology space H·(0393; E) is canonically a direct sum where P runs through the set A of classes of associate parabolic k-subgroups of G (5.4). Of main interest to us is the summand indexed by G, which we shall also denote by H·cusp(0393; E ) and call the cuspidal cohomology, since it can be identified to the space so denoted above. This shows in particular that the homomorphism (see (2)) is injective, a fact already established in the arithmetic case in [B4] , by a different argument.
Let r f be the sum of the kv-ranks of G/kv for v e S f . For v e S f the Steinberg representation is the only irreducible unitary representation of G(kv) with non trivial cohomology, besides the trivial representation. Then arguments similar to those of [BW:XIII] show that for all i e Z where I03C0 ~ H03C0Sf is the isotypic subspace of (03C0, H03C0) = (7r,, ~ 03C0Sf, H03C0~ ~ H03C0Sf) in L2cusp(0393/GS) and the sum runs over the set of equivalence classes of irreducible unitary representations 03C0 = 03C0~ ~ 03C0Sf for which 03C0Sf is the Steinberg representation of GSf (6.5) .
Assume that S f is non-empty. A straightforward adaptation of an argument of N. Wallach [W] shows that In Section 7 it is shown that (5) gives the whole L2-cohomology i.e. that v in (2) is an isomorphism. For congruence subgroups of simply connected groups similar results are contained in [BFG] ; moreover it is shown there, by use of the main result of [F] , that (5) is equal in that case to the full cohomology of r with coefficients in E, i.e. that u in (2) is an isomorphism under those assumptions. We shall not need this fact.
In Part III, we retum to the general case where S f may be empty, and we produce in Sections 10 and 11 examples of S-arithmetic groups F containing a subgroup Fi of finite index for which Our basic tool in Section 10 will be the twisted trace formula, the twist being given by a rational automorphism a of G. Some technical preliminaries are carried out in Sections 8 and 9: in Section 8 we construct and study, in the twisted case, analogues of Euler-Poincaré functions due to Clozel-Delorme for real Lie groups and to Kottwitz for p-adic groups; the twisted analogues will be called Lefschetz functions. In Section 9 we establish in the twisted case a simple form of the trace formula; this is a variant of a theorem due to J. Arthur.
It suffices to find a I" commensurable with 0393 with property (6). [HC] , pp. 34-39, in particular the proof of Corollary 3 p. 39. In the adelic case see [MW] II.1.8 and II.2.1. The proof in our case uses the same formal manipulations, which is allowed since our E-series are absolutely convergent. Therefore, since at finite places our functions are uniformly locally constant, it follows from the Dixmier-Malliavin theorem [DM] that any f e Vr is a finite linear combination of terms h* a, with h e Vr and a E C°°(GS) (with support in a prescribed neighborhood of 1). In other words, 4.2. We have the decomposition where L2P(0393BG1S) is the space of L2-functions on rBG1 which are negligible along the parabolic k-subgroups Q e P. This follows from 2.3 (see also [MW] II.2.4).
We have then But, again by [DM] , the elements of L2P(0393BG1S)~ are finite sums of terms f * a and hence have u.m.g. (cf. [BJ] 1.6, which refers to [HC] 
This follows from standard arguments (see for example [HC] Lemma 9, [A1] Lemma 4.3 or [MW] Lemma 1.2.4). We can write for y E G1S and b E A0G. In view of (3) and (6) with r and m independent of D. This implies that fP * a is of u.m.g. 4 .4. We now use Arthur's truncation operator A T. The parameter T belongs to apo where Po is a fixed minimal parabolic k-subgroup of G; it will be assumed to be far enough in the positive Weyl chamber. Given a function f on rBGS, A Tf is a sum, over a set X of representatives of r-conjugacy classes of parabolic k-subgroups of G, of E-series of the type studied in 3.1:
where Ip : ap, -7 ap is the linear map defined in [Mü] p. 488 and prk(P) the parabolic k-rank of P. Given a function f on fBGs of u.m.g., the fundamental property of the truncation operator is that 039BTf is rapidly decreasing on 0393/G1S. by the sup-norm over A0G. In the arithmetic case, this is theorem 5.2 of [OW] ; a proof may be found in Section 7 of [OW] . Again in view of 8.4 and 8.5 of [B1] , it extends to the S-arithmetic case. This shows that (039BTf)a is square integrable on fB G1 and that the L2-norm of (039BTf)a is a slowly increasing function on A0G. This implies of course also that H·e(GS; L2cusp(0393BGS)~ 0 E) is finite dimensional, but this already follows from the fact that it injects into H'(r; E) (5.5), since the latter is known to be finite dimensional [BS] .
Let (03C0, H03C0) be an irreducible representation of Gs contained in the L2-discrete spectrum. By the Künneth rule If x is trivial, then by 6.1 (2) Let now be non-trivial. By 6.1, 6.3, the left-hand side of (8) [BW:XIII, 1.6] . In view of (10) and 6.4(1), this concludes the proof of (1) and also shows that where runs through disc(S, F, St), so that (2) now follows from (1) and 6.4(1).
6.6. REMARK. In the anisotropic case, H·disc(0393; E ) = H·(0393; E). The equality (11) above so modified is proved in [BW] , XIII, 3.5, for G simply connected, but, as already remarked in 6.3, the argument there allows one to suppress that restriction.
L2-cohomology
We prove the vanishing of the cohomology with coefficients in direct integrals (1) below when S f is not empty and aP ~ 0. This implies that the L2-cohomology of r is reduced to H·disc(0393; E), provided that the complement of the discrete spectrum in the L2-spectrum is the sum, over r-conjugacy classes of classes of Levi ksubgroups of proper parabolic k-subgroups of G, of direct integrals of discrete spectra for Levi subgroups. It is likely that Langlands' proof [Lan1] Let P be a 00-stable parabolic F-subgroup with a 00-stable Levi decomposition P = MN. We denote by P(F)+ (resp. M(F)+) the subgroup generated by P (F) and!3o (resp M(F) and 00).
When dealing with representations induced from representations of a parabolic subgroup we shall use normalized induction (as in 7.1): it differs from ordinary induction by a shift by the square root of the modulus function of the parabolic subgroup, so that it preserves unitarity. We shall first exhibit some properties of Lefschetz numbers for F non-archimedean.
8.2 PROPOSITION. Let F be non-archimedean.
(1) Lef(a, G(F) Proof. Assume first that F is non-archimedean; then E is assumed to be trivial. We have to generalize a construction due to Kottwitz [Ko] . We use the notation of [BW:X, 2] . The automorphism a acts on the Tits building Y associated to G(F).
Let s be a face of Y; denote by L(F)+ (resp. G(F)s) the stabilizer of s in L(F)+ (resp. G (F) Assume now that F is archimedean. For a = 1 the result is known: EulerPoincaré functions were first constructed by Clozel and Delorme using their trace Paley-Wiener theorem [CD] ; then Laumon, in a letter to J. Arthur, has shown that a more direct construction, due to N. Wallach and which uses 'multipliers', yields very cuspidal Euler-Poincaré functions (see [Lab] ). For arbitrary a, some functions fex,E have been constructed by this latter method in [Lab] Proposition 12. This takes care of assertion (1). To prove assertion (2) we have to check that one can extend to the twisted case the arguments in [Lab] where Ê is the contragredient of E. Let pcy , E be the measure supported on 1( which is the product of ~03B1,E by the normalized Haar measure of Il (cf. [Lab] p. 616). According to [Lab] Section 4 the constant term along Q of the measure 03BC03B1,E is the product of the function on (K n AI): rn -~03B1,E(m.k1) by the Haar measure on (K ~ M) and hence it vanishes. In other words /-la,E is very cuspidal. The function fa,E is defined by applying a multiplier to pcy, E. Since taking constant terms commutes with multipliers [A3] we see that f*03B1,E is very cuspidal. This proves assertion (2).
Remark: The second statement is likely to hold also for non-archimedean fields.
For G = GL(n) and 03B1 = 1 such functions have been constructed by Laumon The discrete spectrum L2disc(G(k)/G(Ak)) is invariant under this action. Let Pdisc denote the representation of L(Ak)+ on the discrete spectrum. Denote by mdisc(03C0) the multiplicity with which the irreducible representation 03C0 of L(Ak)+ occurs in the discrete spectrum. We have Here we use the fact that 03C1disc(f) is of trace class [Mü] ; in particular the above expansion is absolutely convergent, and a partial summation indexed by absolute values of norms of the imaginary part of infinitesimal characters, as in [A5] Theorem 4.4 and in 9.2 below, is not necessary here.
We want to compute the trace of Pdisc(f) for functions supported on L(Ak) of the form f = f*03B1,E ~ * where f03B1,E is a Lefschetz function for a over S and h E C~c(G(ASk)). We assume here Card(S) 2 and we would like to use the 'simple form of the trace formula' ([A5] Theorem 7.1 p. 538) which should be valid for functions f = 0 fv such that fv is cuspidal for at least two places. This simple form is established by J. Arthur using the invariant form of the trace formula. The proof of this invariant trace formula ( [A5] , Theorems 3.3 and 4.4) relies on the twisted trace Paley-Wiener theorem. Unfortunately, while this theorem has been proved for non-archimedean fields [Ro] , it is still not known to be true for archimedean fields in full generality (as far as we know it is proved in the non-twisted case [CD] , and in the case of base change [D] ).
However one can bypass this difficulty: mimicking the proof of Theorem 7.1 in [A5] , we shall get in 9.5 an unconditional proof of the simple form of the trace formula we need, using the ordinary -non-invariant -trace formula and functions f == 0fv satisfying slightly more stringent assumptions: the functions fv will be assumed to be very cuspidal at one place and cuspidal at another one.
The proof is quite technical and the reader may skip Section 9 if he is willing to take 9.5 for granted. We shall assume the reader to be familiar with the contents of Section 7 in [A5] . In 9.4. If at one place, say w, the support of fw is inside the set of regular elements (in particular they are semisimple), the summation over the set (L(k))G,03A3 in the geometric side of the trace formula can be replaced by a sum over (I,(k) )G,reg, the set of regular G(k)-conjugacy classes in L(k). We recall that where G03B3 is the identity component of the centralizer of 03B3 in G. If 03B3 is regular then aL(03A3,03B3) equals 0 unless 1 is elliptic in which case it equals the volume of G03B3(k)BG03B3(Ak) divided by the order of G,( k) in the centralizer of 03B3 in G(k); this expression is independent of E and will be denoted aL( 1). 10.1. We shall say that the cuspidal cohomology of G over S, with coefficients in E, does not vanish if every S-arithmetic subgroup has a subgroup of finite index with non-zero cuspidal cohomology with respect to E. If E = C, the coefficients will not be mentioned.
To get information about the non-vanishing of the cuspidal cohomology of deep enough S-arithmetic subgroups of G(k), we shall first study the group E c *usp(G, S; E), which we shall call the cuspidal cohomology group for G over S with values in E, which is by definition the inductive limit over congruence S-arithmetic subgroups F of G(k) of the cuspidal cohomology groups:
This inductive limit is isomorphic to the cohomology of the adelic cuspidal spectrum :
The non-vanishing of the cuspidal cohomology for G over S, which will be proved below for some groups G, implies the non-vanishing of the cuspidal cohomology for deep enough S-arithmetic subgroups r of G(k), not [RS1] , where they prove non-vanishing results for Lefschetz numbers on the total cohomology of arithmetic groups. Here we work with cuspidal cohomology and we allow S-arithmetic discrete subgroups for arbitrary large S. More general finite dimensional representations E could be used (see [RS1] and [LS:5.4 We may now state and prove the following generalization to SLn of [LS:6.3 ] for extensions of the type 11.1(1) in which ko is totally real.
11. 3 THEOREM. Let ko be a totally real field and let k / k0 be as in 11.1(1). Then the cuspidal cohomology for SLn/ k over S with trivial coefficients does not vanish.
Proof. By 6.5 and 10.7 there is a cuspidal automorphic représentation (7 occurring in the cuspidal spectrum L2cusp(SLn(k0)BSLn(Ak0)) which is a Steinberg representation at v E S f and the infinite component (J' [LS] Section 5 (a more sophisticated reader might look in [J] [LS] ). In particular it seems likely that if G is a split simple group over any global field k, and if E = C, the cuspidal cohomology over S does not vanish.
